
Math 451: Introduction to General Topology
Lecture 1

Basic (naive) set theory
.

Set operations, It X be a set. For a subset AX
,
we write A or XIA for the

complement of A inside X
,
i . e

.
A := (xeX : x KA)

For a set 3 of sets
,
we denote by US the union of all the sets in 3

,
i
. e.

V5 : = (x : Jat 3 x(A)
.

I particular
,
if 3 = (A , B) ther US = AUB

.
In other words

,

V3 = VA.
At 3

Another example : if 5 = &An : nEN) When US = VAn.

Similarly , for a seb 3 of sets
,

we devote by 15 the intersection of all sel in 3 :

13 : = (x : At] x(A) .

For a set X
,
its powerset PM) is the set of all subsets of X

, including
the 0 . For example ,

if X has 3 elements
,
then PCX) has 23 elements

For ats X
,
Y their Kartesia) product is the set

XxY : = ((x, y) : x EX
, ytY) .

For example if X has 2 elements and i has 3 elements
.
New XXY has 6

All these sel exist by the set theory axioms lot the Econelo-Fraenbel sof Theory)·



Functions. A function f from a of X to a set Y is a "set of arrows" from X

to Y satifying that for each xEX there is exactly one outgoing arrow

from > to
an element in

Y
. Formally , f is a subset of XXY such But

Ex = X there is a unique yeY with (x
,3) Ef.

· However
,
instead of writing (5) ef we write f(x) = y.

We demote a function f from X to Y by f : X +
Y
.

for a function fo X-sY
,
and sele ACX

,
BEY

,
wa devote by

↑ (A) : = (f(a) : a (A) = YyY : JaEA fla) = g3 , and call this set te frimage
of A

.

F
S

X
A

en Y

↑
"

(B) : = (xX : f(x)EB)
,
and call his not the fepreimage of B .

F
X Y

Note Unt #If" (B)) = B and "If(A)-A
,
and equalities hold if fis,

respectively , sojective and injective.

Btor
,
f is saidbe be injective if eal yeY has :I fopreimage ,

i
.
e.

↑
" (393) has II element ; equivalently ,

if f(x) = fixul then X1 = Xu for all

X
,,
XeX

.
On the other hand A is said he be surjective if every you

has an -preimage , "
. e . #

+ (2)) **. Finally , f is bijective if its both inject
tire and surjective

for fixtY and g
: Yez

,
define get : X + E by got= g(f(x)) ,



and call this the composition of f and
g . Composition is associative

,
i . e.

if f : x+ Y
, g : Y

+ z
,
h : z -> W then holgof) = Chog) of

For f : X-3Y
, we call a function g

: ->X its

left inverse if got : X-X is the identity ,
i
.
e . gofly = x for all xeX.

right inverse if fog : 4 - Y is the identity on Y.
inverse (two-sided) if it is both a left and a right inverse , i . e.

*x X gof(y) = x al FytY fogly) = y :

Remark
.

Left and right , if exist , may
not be unique , but if an inverse exists,

it is unique and we chnote it f: To see the uniqueen , observe that if y
is a right inverse and h is a left inverse

,
than g = idxog : Choflog = no

Itogl = noidy = h.

Prop . Let f : X- Y
,
where X = 0.

(a) + admits an inverse=) t is bijective.
16) & admile a left inverse => +is injective ·

(b) f admits a right inverself is surjective.

Proof
. (a) Follow from 167 + (e) but also can be proved directly , left as an exercise.

(6) =>: Let g :-X be a left inverse of f
,
i
.

e
. got-idx . Then brang

X
, XeEX , if f(x)

= f(xu)
,
then x, = gof(xi) = get(xa) = xz .

: If t is injective , then for each yEf(x) , there is exactly one xeX

~th f(x) = y ,
demote h(y) : = X .

Fix xoeX and define
,
for each ye YXFI),

Hit· Clearly , hof(x) = x for all -eX
,
so h is a left

&
inverse of f



1) . Let I be a right inverse of f
,

i
. e . fogly) = 3 for all yeY.

Fix yeY .

Then glyleX and f(giy)) = Fogly) = g , so yef(x) , here is
surjective.

= IAG
. Suppose f in surjective . Then define g

: YesX by mapping each ye?
X to some element off"/1gi).

Y
fall · Then indeed

,
for all yeY, fogly) = f(gly) = y , so

· b

· g is a right inverse of f.

There is an issue with the definition of go g is making an arbitrary choice
of an element of"1993) for yeY and the existence of such a

choice function has to be accepted by aseparate axiom
,
called

Axiom of Choice (A)) .

Axiom of Choice: Every set 5 of nonempts ats admits a choice function
,
namely,

there is a function c : 3-> US such that for each AES
,
CLATEA.

3

B. HW : Prove that A) is equivalent to
every scojection

admittinga right inverse.

Equinumerocity

Sets A
,
B are said to be equinumerous if there is a bjection F : A -> B.

We denote this by A=B .
Note What A =BE BEA become inverse of a bijection

A - B is a bijection B-A .

We also write AccB if there is an injection : A+B,
and write AcaB if there is a mojection At B.

Canter-Schroder-Bernstein .

If ACB and BasA ten A = B .


